The eigenvalue distribution is investigated for matrix models related via the localization to ChernSimons-matter theories. An integral representation of the planar resolvent is used to derive the positions of the branch points of the planar resolvent in the large 't Hooft coupling limit. Various known exact results on eigenvalue distributions and the expectation value of Wilson loops are reproduced.
This paper is organized as follows. Section 2 contains a brief summary of the theories we discuss in this paper. Pure Chern-Simons theory is discussed in section 3 as a warm-up. In section 4, we discuss U(N ) k Chern-Simons theory coupled to two adjoint matters. This would be the simplest example which exhibits a seemingly typical behavior of Chern-Simons-matter theories with a non-vanishing sum of the levels. The famous results on ABJM theory are reproduced in section 5 with the method developed in the previous sections. In section 6, we investigate GT theory in a manner parallel to the ABJM theory. It turns out that the structure of the planar resolvents of ABJM theory and GT theory are quite similar, but the behavior in the large 't Hooft coupling limit is qualitatively different. In section 7, the sub-leading order calculation is presented for the theory discussed in section 4. Section 8 is devoted to discussion.
Details of the calculations for those theories are summarized in Appendix A. Appendix B discusses the supersymmetry breaking in the context of the matrix model; it looks difficult to know the presence of the supersymmetry breaking in Chern-Simons-matter theories from the calculations in the corresponding matrix models.
N = 3 Chern-Simons-matter theories and matrix models
The family of N = 3 Chern-Simons-matter theories is a good arena for the study of various aspects of Chern-Simons-matter theories, especially in the regime where the perturbative calculation is not available.
The N = 3 supersymmetry allows one to include any number of matter fields in any representations of the gauge group, as long as they form N = 4 hypermultiplets. See e.g. [36] . This means that there are a large number of theories of various kinds. On the other hand, the N = 3 supersymmetry is powerful enough to constrain quantum corrections, so that the analysis of such theories are far easier than the analysis of N ≤ 2 theories. For example, the R-charges of the fundamental fields are not renormalized, and therefore it is rather straightforward to check whether a theory is conformal even quantum mechanically [36] .
Following [16] , we shall study N = 3 Chern-Simons-matter theories by localization technique. For a Chern-Simons-matter theory defined on S 3 with gauge group l U (N l ) k l , the partition function is given
where
2)
3) 4) which is applicable to any N = 3 theories. The explicit form of S matter,R depends on the representation R of the corresponding matter field. For the fundamental and the adjoint matters for U(N l ) and the bi-fundamental matter for U(N l )×U(N l ′ ), it is given as S matter,fund = i l log cosh u l,i l 2 , (2.5) These formulae were extended to N = 2 theories in [24] [25] . One remarkable property of the above localization formula is that the partition function (2.1) looks like that of a multi-matrix model in which the angular variables are integrated out. In fact, in the case of ABJM theory, the partition function is directly related to a known matrix model [37] which was solved exactly [37] [38] . Even for other theories, the simplicity of the integrand in (2.1) may allow one to deal with them using techniques developed in the context of matrix models. Some quantities can be evaluated with the help of this localization formula. One such quantity is the free energy which was evaluated for various theories recently [22] [32] . Another quantity is the expectation value of BPS Wilson loops [36] . For each unitary factor U(N l ) k l , there is a
Wilson loop operator W l which preserves 1/3 of the N = 3 supersymmetry. The expectation value is given as It is possible to discuss the 't Hooft limit, in which the ranks and the levels of every unitary factors U(N l ) k l are sent to infinity, while the ratios
are kept finite. In this limit, the saddle-point approximation for the u-integrals becomes exact. Recall that such a limit can be taken for theories which does not have matter fields in higher representations. In fact, the allowed representations are the (anit-)fundamental, bi-fundamental, adjoint and (anti-)symmetric. If necessary, it is possible to assign a kind of quiver diagram, including unoriented lines corresponding to (anti-)symmetric matters, to each theory which admits the 't Hooft limit. Since the superpotential is determined completely by the supersymmetry, the quiver diagram uniquely specifies the theory. Since the 't Hooft expansion is naturally related to the genus expansion of a dual string theory, it may be natural to restrict ourselves to such a sub-family of the N = 3 theories as long as our interest is on the relation to Type IIA string theory via AdS/CFT correspondence. When one would like to take the M-theory limit, according to [23] , it might be better to consider a broader sub-family of the N = 3 theories.
In a suitable limit, (2.8) can be written as
where ρ l is a smooth function of compact support. Let x * be the supremum of the support of ρ l . Since ρ l is defined such that it is positive and its integral is 1, an inequality
holds. This implies that, if x * is small, then W l cannot be large. Therefore, if one would like to have a large value of W l , which may be expected for a large 't Hooft coupling from AdS/CFT correspondence, then x * must be large. In this case, the expectation value of W l can be estimated as follows
13)
It will turn out later that the infimum of the support of ρ l may be negative and large when x * is large, implying that the eigenvalues are widely distributed. The arguments above is valid even when u l,i l are complex, and therefore x * (defined in a suitable manner) is also complex, as long as Re(x * ) is large.
Although the integrand in (2.1) are written in terms of the elementary functions, it is still difficult to solve the matrix model exactly, with some exceptions including ABJM theory and pure Chern-Simons theory. Perturbative results in terms of the small 't Hooft couplings can be derived rather easily. In fact, one does not need to know the exact planar resolvent for this perturbative calculations. This was demonstrated in [17] for the evaluation of the Wilson loop in ABJM theory.
It also turned out that the analysis in the large 't Hooft coupling regime is indeed tractable. As observed in [17] , a drastic simplification occurs when the width of the eigenvalue distribution is huge.
For example, if |x| is large, then one can use coth(x) = sgn(x) + O(e −|x| ) (2.14)
to simplify the saddle-point equations. According to the argument above, this approximation is valid for a large 't Hooft coupling. This kind of approximation is available since the complicated one-loop terms are written in terms of the exponential functions. A similar approximation is valid for the M-theory limit [23] . It was efficiently used, at the level of the integrand, to obtain the eigenvalue distribution functions in addition to the configurations of the condensed eigenvalues. In fact, those results contain all information on operators which preserve the supercharge used in the localization. As a result, the analysis of [23] nicely derived various results which were expected from AdS/CFT correspondence.
It turned out [34] that there are some Chern-Simons-matter theories, in addition to ABJM theory and pure Chern-Simons theory, whose planar resolvent can be obtained in terms of contour integrals.
Although the planar resolvent is not as explicit as in the case for ABJM theory, it is determined up to a few parameters, and the equations which determine those parameters were also obtained. In the following, we show that a simplification similar to the one mentioned above also occurs in the calculations using the integral representation of the planar resolvent, so that it is possible to reproduce some exact results obtained so far. One typical example of the approximation used in the following is
where u r = Re(u) and α r = Re(α). Here α r > 0 is assumed.
3 Pure Chern-Simons theory N = 3 pure Chern-Simons theory is the simplest one among the Chern-Simons-matter theories of interest.
The matrix model [39] related to this theory has also the simplest structure. In fact, it can be solved easily in the large N limit [37] [38] . It is reasonable to expect that analyzing this simple matrix model will be very helpful to understand some structures which also appear in more complicated matrix models. We are interested in the large N limit. All the information in this limit can be obtained by solving the saddle-point equations. In this section, we consider the following equations [39] k 2π
The indices i, j run from 1 to N . The variables u i are assumed to be real when k is real. If k is replaced with −ik, then the equations (3.1) are the saddle-point equations derived from the localization formula (2.1) for N = 3 U(N ) k pure Chern-Simons theory. Due to this analytic continuation, it will turn out that u i become imaginary. The expectation value W of the BPS Wilson loop [36] is given as
It is convenient to introduce new variables z i := e ui . In terms of them, the equations (3.1) can be written as
in the large N limit, where
is the 't Hooft coupling. Following [37] [38], the planar resolvent is defined as
where ρ(x) is formally defined as
As usual, ρ(x) is assumed to become a smooth function in the large N limit. The equation (3. 3) can be interpreted as the requirement of the balance between an external force (left-hand side with the opposite sign) and a repulsive force between eigenvalues (right-hand side including the constant term t). Note that the repulsive force is a long-range force which is non-vanishing even for infinitely separated pairs of eigenvalues. As long as t is small, the eigenvalue distribution is determined by the external force. It is easy to see that the eigenvalues are distributed around z = 1 at which the external force vanishes. Therefore, it is natural to assume that the support of ρ(x) is [a, b] where 0 < a < 1 < b for a non-zero t. The equation (3. 3) then determines the planar resolvent to be
for z ∈ C\[a, b]. The explicit expression after performing the contour integration is found in [37] [38].
The definition (3.5) of the planar resolvent v(z) implies
These two conditions are equivalent if ab = 1 which is assumed in the following. Note that this is expected from the invariance of the equations (3.1) under the simultaneous flip of the sign of u i . The condition at
This equation determines a in terms of t.
To obtain results for the pure Chern-Simons theory for which t is purely imaginary, one may start with this expression for a real a, and then analytically continue a, while keeping ab = 1, such that t is purely imaginary. Then, the resolvent (3.7) with a so determined will have all the information on pure
Chern-Simons theory in the large N limit. In fact, it is not difficult to perform the integration in (3.9). As a result, t and α := log b are related as e This relation defines a holomorphic map from α ∈ C to t ∈ C. This map is a composition of the exponential map and the Zhukovski transformation which is well-known in fluid dynamics. If α ≫ 1, then t behaves as t(α) = α − 2 log 2 + O(e −α ). (3.11) By rotating the phase, α → e iθ α, one can make t complex. The above expression for t is still valid as long as |θ| < π 2 . However, it is not possible to deduce from (3.11) the relation between t and α when t is purely imaginary. There is an alternative way to obtain a purely imaginary t. One may notice from the exact relation (3.10) that t(α + 2πi) = t(α) + 2πi (3.12) holds. Therefore, a desired value of purely imaginary t may be obtained by choosing a suitable value of α ≥ 0 which is of order one and then shifting α in the imaginary direction. This means that it is not enough to just specify the value of a appearing in the resolvent (3.7) to obtain a large imaginary part of t.
In the following, we show that the above results can be obtained without invoking the explicit relation (3.10). For most of Chern-Simons-matter theories, it seems to be difficult to obtain an explicit expression for the planar resolvent, and therefore, an explicit expression for the 't Hooft coupling like (3.10). To analyze such theories, one has to develop a technique which does not rely on any explicit expressions.
Fortunately, at least integral representations like (3.7)(3.9) can be obtained for some Chern-Simonsmatter theories. The following calculations on the pure Chern-Simons matrix model will provide us with some experiences on handling those integral representations which will be applied to more complicated theories in the later sections.
First, we determine the relation between t and α, assuming that the length of the branch cut is long. Let us focus on the case of real t so that α is also real. In terms of a new variable u := log x,
One possible approximation valid for large α is to replace the denominator
with 1 for most of the range of u, as mentioned at the end of section 2. In fact, although this approximation is valid in some cases discussed later, it is not the case here. This approximation is valid if most of the values of u contribute equally, while here the dominant contribution is localized at u = α. A crude estimate of the integral (3.13), taking this fact into account, provides
The details of this estimate is shown in Appendix A.1.
The property (3.12) can be also derived from (3.9). To show this, it is convenient to rewrite it as follows, 16) where the contour C runs from a to b below the branch cut, as depicted in Figure 1 . The shift of α in the imaginary direction rotates the phase of a. After the shift by 2πi, the contour and the cuts are deformed as depicted in Figure 2 . The integration along C 1 gives
The integration along C 3 gives
These calculations show that (3.12) holds.
To see the analytic dependence of t on α in general, another expression
where C ′ encircles the cut [a, b], is useful. As long as a = 0, there is a suitable choice of C ′ such that the integrand is bounded in a neighborhood of C ′ and a. Therefore, the derivative with respect toᾱ commutes with the integral, implying that t is analytic in α for a suitable region in C. Note that some singularity may appear in the limit a → 0 in which the contour C ′ will be pinched by two branch points.
This corresponds to the divergence of t in the limit α → ∞, as seen above. This may be regarded as another indication that a large 't Hooft coupling is obtained only when the branch cut becomes infinitely long.
The same argument can be applied to more general Chern-Simons-matter theories, as long as the 't Hooft coupling is given in terms of contour integrals. In later sections, we understand that the 't Hooft coupling is an analytic function of parameters.
The relation (3.15) implies that, as long as Re(α) is large, the BPS Wilson loop behaves as
As mentioned above, in the Chern-Simons matrix model, there exists a long-range repulsive force between eigenvalues which makes the eigenvalue distribution wider than that in the matrix models with 1/x-type interaction. A matrix model of the latter kind is the Gaussian matrix model whose saddle-point equations are
As is well-known in the context of AdS/CFT correspondence, the "Wilson loop" defined similarly to the right-hand side of (3.2) behaves as
This is a result showing that the presence of a long-range force may change the behavior of the Wilson loop for a large 't Hooft coupling in a drastic manner.
On the other hand, for a purely imaginary t, the Wilson loop is not larger than any function of the form exp[ct γ ] for any c, γ > 0. This is consistent with the exact result on the Wilson loop [40] in the pure Chern-Simons theory 2 .
U(N ) k Chern-Simons theory coupled to two adjoints
The next equations we consider are
The indices i, j run from 1 to N . If k is replaced with −ik, then this equations are the same as the saddle-point equations of N = 3 U(N ) k Chern-Simons theory coupled to two adjoint matters (i.e. matters including two N = 4 adjoint hypermultiplets). The number of matters is chosen such that the long-range repulsive force is absent. These equations were analyzed in [17] using a technique similar to [23] .
In terms of z i = e ui , the equations (4.1) can be written as
in the large N limit. This is equivalent to
These two sets of equations are quite similar to the saddle-point equations of ABJM matrix model [18] . The main difference is that, although the planar resolvent for (4.1) has two cuts, the positions of them are correlated to each other.
The planar resolvent v(z) of this system is defined as
The saddle-point equations determine v(z) to be
The planar resolvent must satisfy the following conditions
The first condition is trivially satisfied. The second one implies
This is satisfied if ab = 1. In the following, we employ this choice. To find the relation between t and α = log b, we have to use 8) where the contour C encircles the cut [a, b], since here v(0) is not related to t. This can be written as
where αu = log x and αv = log y. The leading behavior of t for a large α is
This implies that the Wilson loop behaves as
This coincides with the result obtained in [17] . The behavior of W for a large 't Hooft coupling is different from the one observed in N = 4 super Yang-Mills theory and ABJM theory, but still it is exponentially increasing with the 't Hooft coupling. A crude estimate shows that sub-leading terms are smaller than α 2+ǫ for any ǫ > 0. Probably, the sub-leading term is of order O(α 2 ).
The analytic continuation to a purely imaginary t is now straightforward. It can be done by rotating the phase of α by π 6 . During the rotation, Re(α) is kept large, and therefore, the above estimate of t is still valid. It is also possible to perform the analytic continuation as was done for the pure Chern-Simons matrix model. The 't Hooft coupling t can be written as 12) where the contours C 1 , C 2 are depicted in Figure 3 . A shift of α by π 2 i deforms the cuts and contours as in Figure 4 . For large α, the shifted quantity t(α + π 2 i) is estimated to be
Details of the estimate are shown in Appendix A.2. This is consistent with (4.10).
It is interesting to estimate the free energy of the theory. The free energy is given as
(4.14) Assuming that the Gaussian part and the one-loop part provide contributions of the same order, it scales as
up to an overall constant independent of N and k. This is the same scaling found in [28] in the Mtheory limit. Since the M-theory limit in [28] is not the same as the large N limit here, it might not be necessary for those results to match. However, it was shown [22] [23] that, in the case of ABJM theory, the functional forms of the free energy in the M-theory limit and the 't Hooft limit coincide with each other. It may be expected that the behavior of the eigenvalue distribution found above would have some general nature for theories whose Chern-Simons levels does not sum to zero. Later, it will be shown that the same behavior do appear in GT theory.
It may be interesting to see the effect of a long-range force by comparing the above results with those of k 2π
In this system, a long-range force exists. In fact, these equations can be written as
This is equivalent to the saddle-point equations (3.1) of pure Chern-Simons theory. As was shown in section 3, the behavior of the eigenvalue distribution of pure Chern-Simons theory is quite different from that of the Chern-Simons-matter theory discussed in this section. In particular, the solution of the equations (4.16) does not have a long branch cut for a purely imaginary t, even when its absolute value is large.
ABJM theory
The third example is ABJM theory. The goal of this section is to derive the famous result [18] W
where λ := N k , from the integral representation of the planar resolvent [34] .
Recall the saddle-point equations of ABJ theory [44] .
The indices i, j run from 1 to N 1 and a, b from 1 to N 2 . Notice that there are two sets of eigenvalues, {u i } and {v a }, according to the two gauge group factors U(N 1 ) k ×U(N 2 ) −k . Introducing new variables z i := e ui and w a := e va , the above equations can be written as
In the following, t 1 and t 2 are regarded as real variables, and they will be analytically continued to the above values later. The structure of the saddle-point equations suggests that there would be two cuts, one is around z = +1 where z i condense, and the other is around z = −1 where −w a condense. Define the planar resolvent
The distribution of z i is described by ρ(x), and that of −w a is described byρ(x). We assume that the supports ofρ( 
log(e t2−t1 x)
The conditions imposed on v(z) are
This amounts to three conditions on the parameters a, b, c, d. These are reduced to one condition, assum-
The remaining equation
provides a relation among the undetermined parameters and the 't Hooft couplings. One more condition is necessary to completely determine the parameters. One may use one of the following relations . It was shown in [34] that the relation (5.11) can be written explicitly as follows,
First, let us focus on the case t 1 = t 2 , that is, the ranks of two gauge groups are equal, N 1 = N 2 = N . Suppose that both |a| and d are large for which the corresponding 't Hooft couplings are large. Then, the relation (5.13) implies
where |Λ| is large. This relation can be satisfied only after an analytic continuation, since originally a < 0 < d was assumed. The resulting branch cuts should be almost parallel to each other, but the direction of the cuts in the complex plane is not determined by (5.14).
Here, recalling the exact solution found in [18] will be helpful to find a more detailed information of the branch cuts. It was shown that
holds, where α = c + d and β = −a − b in our notation. Here κ is a real function of the 't Hooft coupling which is large and positive when the 't Hooft coupling is large. This indicates that the lengths of the cuts are huge as expected above, and the cuts are almost parallel to the imaginary axis.
With this input, we show that the integral representation of the planar resolvent (5.8) can reproduce the relation between the 't Hooft coupling and the length of the branch cuts. We assume 16) where γ > 0 is assumed to be large. Of course, this is compatible with (5.14). It can be shown that the flip of signs in the imaginary part of a, d results in the flip of the sign of the 't Hooft coupling.
The 't Hooft coupling t 1 can be written as The contours are depicted in Figure 5 . To estimate the integrals, it is convenient to deform the contour as in Figure 6 . It turns out that the first term in the right-hand side is of order O(γ). The dominant contribution coming from the second term is
The other terms are negligible compared to this term. By estimating this integral, one obtains the following asymptotic behavior In retrospect, it would be possible to find the right configuration of the branch cuts without relying on the exact solution in [18] . One may start with the ansatz (5.16) which can be deduced from (5.13). One may try with a real γ, and obtain the result (5.19). Recall that (5.13) allows a complex γ. Since t should be purely imaginary, one cannot rotate the phase of γ. It is still possible to shift γ in the imaginary direction by an O(1) amount. This does not change (5.19), but does change the O(γ) term by a real amount. Therefore, whether such a shift is necessary or not can be determined by estimating the O(γ)
terms. This then determines the direction of the cuts. Anyway, if one is only interested in the leading order behavior, the direction of the cuts turned out to be irrelevant.
The possibility of an interpolation between the weak coupling region and the strong coupling region for, say, the Wilson loop is obvious. As was shown in [17] that the small 't Hooft coupling limit corresponds to a limit in which the branch cuts of the planar resolvent shrink to a point. It is easy to imagine a continuous deformation of the branch cuts from the point-like one to the one depicted in Figure 5 , while keeping the conditions ab = cd = 1. This indicates that the weak coupling results and the strong coupling results can be connected continuously.
Next, let us consider the case t 1 = t 2 and both t 1 and t 2 are purely imaginary. Recall the relation
The right-hand side is of order one, and therefore, the positions of the cuts are the same as those of ABJM theory at the leading order of the large 't Hooft couplings. A natural guess for the sub-leading terms would be
It can be shown that the resulting relation between γ and t 1 are the same at the leading order of γ. As a result, the Wilson loops in ABJ theory behaves as
This was obtained in [18] . It was claimed in [44] that ABJ theory is well-defined only for |N 1 − N 2 | ≤ k. This implies
is allowed to consider. From the matrix model point of view, however, it seems to be difficult to find any sign of the ill-definedness for the corresponding parameter region. Indeed, an analytic continuation by which (5.24) is violated does not show any singular behavior in the planar resolvent, nor in the Wilson loop. It is similar in pure Chern-Simons theory where the matrix model is well-defined for any value of the 't Hooft coupling. In addition, the Wilson loop does not show any special behavior at λ = 1. In the appendix B, the analysis on N = 3 U(N ) k Chern-Simons theory coupled to fundamental matters is summarized. In this theory, the supersymmetry is broken for a choice of parameters which is expected from the argument based on the brane construction. However, there is also no special behavior of the Wilson loop at a value of the 't Hooft coupling at which the supersymmetry breaking is expected to occur.
GT theory
One of the straightforward generalization of ABJM theory, at least from the point of view of saddle-point equations, is GT theory [35] . This is proposed to be dual to a massive Type IIA string theory [35] [45].
The localization procedure of [16] can be applied to GT theory. The resulting saddle-point equations are
When k 1 + k 2 = 0, GT theory is reduced to ABJM theory. The planar resolvent defined as in (5.7) was obtained in [34] in terms of the following contour integrals
log(e
All the parameters k 1,2 , N 1,2 are assumed to be proportional to a common number k which is sent to infinity. As in the case of ABJM theory, assuming ab = 1 and cd = 1, the number of the parameters in the planar resolvent can be reduced to two, and the remaining parameters are then related to the 't Hooft couplings t 1,2 as (5.12). Instead, one of these relations can be replaced with
Let us consider the case where κ 1 + κ 2 = 0 and t 1 = t 2 . In this case, an explicit expression for (6.5) like (5.13) is not known. Therefore, it is necessary to extract some information on the branch cuts directly from this integral representation. We assume that κ 1 and κ 2 are of order one. Let a = −e α and d = e β , and both α and β are large. It turns out that an assumption β ≫ α is not compatible with (6.5) since in this case the right-hand side is estimated to be β 2 . It is of course similar for the other assumption α ≫ β. Therefore, it should be assumed that α and β are of the same order. This assumption then implies
This relation also holds for the ABJM case κ 1 = −κ 2 = 1. Indeed, in this case there is one solution
where γ is a large and positive number for which
This is the ansatz used in the previous section. Since κ 1 and κ 2 are of order one, the solution of (6.6) may not be different so much from the above one. That is, the solution should be the same with (6.8) up to an order one correction. Note that the solution (6.8) is also valid for a complex γ as long as Re (γ) is large.
Now it is possible to estimate t 1 as a function of γ in the large γ limit. We assume first that γ is real, and its phase will be rotated if necessary. The formula for t 1 is
Since the configuration of the branch cuts are almost the same with that for ABJM theory, the estimate of the integrals proceeds in a similar way. Especially, one may immediately find that the third integral provides an O(γ 2 ) contribution.
The difference from the ABJM theory comes from the other two terms. One can show that the leading contribution to each integral is of order O(γ 3 ). It is larger than the third integral because of the presence of log x in the integrand which is of order O(γ) in most of the integration region of x. What happened in ABJM theory is that this leading contributions exactly cancel between the first and the second terms, so that the second largest term coming from the third integral determines the asymptotic relation between t 1 and γ. Here in GT theory, such a cancellation is not complete, and the remaining O(γ 3 ) term dominates.
The resulting relation is
See Appendix A.4 for the details. The right-hand side is real when γ is real. To obtain the purely imaginary t 1 , one may rotate the phase of γ by π 6 . During this rotation of γ, Re(γ) is kept large, and therefore the above relation is valid. In terms of λ := N1 k , γ is given as
Note that in (6.11) the number k cancels out, so γ is independent of the choice of k, as it should be. This result is qualitatively similar to the result obtained in section 4. As discussed there, this scaling suggests that the free energy of GT theory scales like k which coincides with the one found in [28] although the limit taken there is not the usual 't Hooft limit considered here. Interestingly, not only the scaling but also the numerical factor is the same with the result in [28] . In [28] , the eigenvalues lie on the line 12) which corresponds to the analytic continuation of γ mentioned above. The maximum value x * of x is determined by ρ(x * ) = 0 where 13) where k := k 1 + k 2 . The necklace quiver with p = 2 in [28] is GT theory. One obtains
(6.14)
which coincides with the result obtained above.
Another immediate consequence of (6.11) is that the Wilson loop of GT theory behaves as
Since N 1 = N 2 was assumed in the above calculations, this formula is valid for Wilson loops for both U(N ) factors. This is actually consistent 3 with the results in [47] where it was argued that the radius l of the dual AdS 4 in massive Type IIA supergravity is
where n 0 is proportional to the F 0 flux. Since the exponent of | W | should be proportional to an area in the AdS 4 , the Wilson loop should scale like (6.15) . Note that the scaling (6.16) was shown to be valid if
which is indeed satisfied in our setup.
Sub-leading contributions
In this section, we present the calculation of the sub-leading contributions to t(α) for the theory considered in section 4. To do this, it turns out that the following expression for t(α) is convenient.
where the contour C is depicted in Figure 7 .
The dominant contributions come from the following parts of the integral This integral is divided into two parts. The first part is evaluated as follows,
where exponentially small terms are neglected. Now v-integration can be performed exactly. As a result, one obtains
This coincides with (4.10). Note that the coefficients of O(α) terms can be determined. For example, an O(α) integral can be estimated as follows,
The last equality holds since the integrals in the second line are convergent when the integration region
The second part turns out to be of order O(α). Indeed,
The contributions from the other parts of the contour C turn out to be of order O(α). For example,
e 2ǫ+2iθ − e −2t
In summary, the asymptotic expansion of t(α) for large α is
where c 1 is a constant which can be calculated at least numerically. Inverting the relation, one obtains
). (7.9)
Discussion
We have shown that some exact planar results on the eigenvalue distributions in matrix models related to Chern-Simons-matter theories can be derived from integral representations of the resolvents. All the results derived in this paper were already derived using a topological string theory [18] or a saddle-point approximation for the localization formula of the partition function [23] , but the method in this paper is new. Our method requires the determination of the planar resolvent, but it does not need to be as explicit as in the case of ABJM theory. In addition, the method to derived the information on the eigenvalue distribution is a rather elementary estimate of an ordinary single-or double integrals. The systematic expansion around the large 't Hooft coupling limit is possible without any conceptual difficulty. Since the resolvent is determined for any value of the 't Hooft couplings, up to the exact positions of the branch points, the existence of an interpolating function of, for example, the expectation value of the BPS Wilson loop W is evident.
One of the results obtained in this paper is the relation between the 't Hooft coupling t and a parameter α which determines the position of a branch point. In general, the relation would be of the form,
provided that Re(α) > 0 is large. The coefficients c 1,2,3 are real. In general, c 3 is non-zero, and then t behaves as α 3 even after an analytic continuation which brings t to be purely imaginary. This seems to be typical when the sum of the Chern-Simons levels are non-zero. Such a behavior turns out to be consistent with the conjecture [35] . For a suitable choice of the theory with a suitable choice of the parameters, c 3 = 0 may be realized while c 2 = 0. Then the theory exhibits some properties in the large 't Hooft coupling limit which is expected from an AdS 4 geometry in an ordinary (massless) gravity dual.
In addition, there exists a special kind of theories for which c 3 = c 2 = 0. In such theories, the properties in the large 't Hooft coupling limit may be quite different from the other two kinds of theories mentioned above. It is interesting that our analysis based on the planar resolvent provides us with a rather unified picture on the structure of Chern-Simons-matter theories in the large 't Hooft coupling limit. It seems that our method can be applied to more general theories. Our method would be useful since it does not require one to obtain the planar resolvent in the most explicit form. In addition, it seems that our method requires less numbers of assumptions compared with [23] .
It would be interesting to apply our method to a family of circular quiver Chern-Simons-matter theories studied recently in [23] . In their research, it was found that the eigenvalue distribution is not always linear but it can be piecewise linear. It seems to be difficult to understand this fact from the viewpoint of the planar resolvent since, usually, the eigenvalue distribution corresponds to the branch cuts of the resolvent, and the cuts are usually taken to be linear. Of course, the configuration of the branch cut is not determined a priori, and therefore, the branch cuts can be chosen to be piecewise linear.
However, if it is the case, then it should be possible to know the reason why it should be so. It is also possible that the piecewise-linearity might suggest that the method based on the resolvent does not work for those theories.
Assuming that our method could be applied to a large family of theories, it would be interesting to classify the behavior of the eigenvalue distribution in the large 't Hooft coupling limit. In this paper, we found three patterns, two of which have geometric interpretation via AdS/CFT correspondence. It would be very surprising if these three exhaust all possible behaviors. If it is the case, one might interpret this as an indication that the presence of a gravity dual is rather common among N = 3 Chern-Simons-matter theories with a sensible 't Hooft limit. If there exist other behaviors, then it would be interesting to investigate the implication of such behaviors, possibly related to a new example of AdS/CFT correspondence.
The main task for the calculations in this paper is to obtain the asymptotic expansion of a function t(α) which is defined in terms of a double integrals with the integrand including log x. It would be interesting if there exists a mathematical framework dealing with such functions, enabling one to make our calculations transparent.
The remaining part I 3 can be estimated as follows.
Therefore, this part is negligible. Combining these estimates, we obtained (3.15).
A.2 Chern-Simons theory with two adjoints
In section 4, an analytic continuation of
is discussed, where b = e α and ab = 1. Shifting α by πi 2 , this becomes
where the integration contours are depicted in Figure 4 . To estimate the resulting integral, it is convenient to divide it into four integrals labeled by contours.
The first integral we estimate is the one for the contours (C
. This can be written as
The second term of the last line is estimated as follows.
Next, consider the contours (C ′ 1 , C 4 ). The corresponding integral can be estimated as
It turns out that the remaining integrals are negligible compared to the above terms. Therefore, we obtained the estimate (4.13).
A.3 ABJM theory
It turns out that the dominant contribution to the 't Hooft coupling t 1 comes from the following integral 17) and the integration contours are depicted in Figure 6 . This can be written as follows.
dy 2πi
The term with the delta function provides a contribution of order O(γ). The remaining term can be estimated as follows. 
A.4 GT theory
The dominant contribution to t 1 in (6.9) comes from the following two integrals
Note that they cancel each other if κ 1 = κ 2 . In general, it is expected that these terms provides the contributions of order O(γ 3 ); the length of the integration range in terms of log x and log y is of order O(γ) and log x in the integrand provides another O(γ) contribution. This O(γ 3 ) contribution vanishes only for the ABJM slice, so that the deformation from ABJM theory to GT theory is not continuous in the large 't Hooft coupling limit.
Each integral can be estimated similarly. Let us focus on the first one. By the similar calculation in the ABJM case, it can be estimated as
Note that an extra sign appears in the second integral in (A.20) due to the opposite direction of the integration contour for x. As a result, the 't Hooft coupling t 1 behaves as (6.10) in the large γ limit.
B On SUSY breaking in Chern-Simons-flavor theory
Consider N = 2 pure Chern-Simons theory. The expectation value of the normalized BPS Wilson loop
up to an overall phase. It is easy to see that W is non-zero for 0 ≤ N k < 1, and it vanishes at N k = 1. Curiously, N k = 1 is the boundary of the parameter region in which the supersymmetry is spontaneously broken [41] [42] [43] . Note that this behavior of the Wilson loop is preserved in the 't Hooft limit. Indeed,
which vanishes at λ = 1 but is non-zero for 0 ≤ λ < 1, where λ = N k . This might suggest that the vanishing of the Wilson loop might be related to the breaking of supersymmetry. To check whether this could be the case, we consider another example, N = 3 Chern-Simons theory coupled to N f fundamental hypermultiplets.
First, let us consider the expected pattern of the supersymmetry breaking in N = 3 Chern-Simons theory with flavors. We assume that the supersymmetry breaking pattern of this theory would be the same as N = 2 Yang-Mills Chern-Simons theory with the same gauge group coupled to the same number of fundamental hypermultiplets. (We expect that the deformation from N = 2 theory to N = 3 theory, which is a continuous change in the superpotential, does not change the vacuum structure.) Then, the supersymmetry breaking pattern can be deduced from the corresponding D-brane configuration.
The brane configuration in question consists of two parallel NS5-branes, N D3-branes suspended between the NS5-branes, k D5-branes which are intersecting with one of the NS5-branes, and N f D5-branes which are parallel to the other set of D5-branes and are intersecting with the D3-branes. Since the D3-branes have a finite extent in one direction, the worldvolume theory is a three-dimensional one.
In the absence of the second set of D5-branes, the worldvolume theory on the D3-branes is N = 2 U(N ) k Yang-Mills Chern-Simons theory, and N f D5-branes add massless fundamental hypermultiplets to the theory. The question of whether the ground state of the theory preserves the supersymmetry can be answered using the s-rule [46] . Roughly speaking, this rule says that only a single D3-brane can be suspended between an NS5-brane and a D5-brane in the above setup. According to this rule, only up to k D3-branes can be suspended between the NS5-branes. This provides, in the pure Chern-Simons theory, the limitation N k ≤ 1 for the 't Hooft coupling for which the supersymmetry is preserved. In the presence of N f D5-branes, D3-branes between the NS5-branes can be broken by these D5-branes. Therefore, more D3-branes can be present without breaking supersymmetry. The upper bound on N is therefore
The inequality (B.3) can be also understood in the following way. One may start with a configuration in which all the k + N f D5-branes are intersecting to an NS5-brane. For this configuration, the condition for preserving the supersymmetry is (B.3). One then separates N f D5-branes from the intersection and obtains the configuration discussed above. This procedure consists of the web-deformation of the D5-NS5 system which does not break any supersymmetry. Therefore, the condition (B.3) is the condition for preserving the supersymmetry for the flavored Chern-Simons theory.
It is interesting to see whether the Wilson loop in this flavored theory vanishes when the inequality (B.3) is saturated. The planar resolvent of N = 3 Chern-Simons theory with flavors was obtained in [34] . This has nothing to do with the supersymmetry breaking condition (B.4).
Note that the condition (B.4) for the supersymmetry breaking is consistent with the result in [34] . In [34] , we started with GT theory whose gauge group is U(N ) k1 ×U(N ) −k2 . If k 1 = k 2 , then it is ABJM theory, and therefore the supersymmetry is preserved for any value of the parameters. Then, we took the limit k 2 → ∞. This limit is a weak coupling limit in terms of the second gauge group, and therefore, the supersymmetry should not be broken. The resulting theory is a Chern-Simons theory with gauge group U(N ) k1 coupled to N f = 2N fundamental hypermultiplets. This theory satisfies the condition (B.4) for any choice of N and k 1 , so the supersymmetry is preserved. This must be the case since the localization formula used in [34] is valid in the presence of the preserved supersymmetry.
